Introduction
A widely studied class of Diophantine equations consist of elliptic equations. In general, there are two methods for solving elliptic equations: The "Thue approach" and the "elliptic logarithm method". The Thue approach is the most classical [16, Chapter 27] . Several factorizations over appropriate number fields lead to a finite number of Thue equations. Some methods for the solution of Thue equations has been given in [21] and [12] . The method of the elliptic logarithm was developed independently in [20] , [11] and [19] . It is applicable in general, if one knows a full set of generators for the group of rational points on the curve, modulo torsion. Algorithms for finding such generators exist but are not guaranteed to give always an answer [7] , [10] .
Let E n be the elliptic curve defined by the equation
where n is an integer ≥ 1. Since the map φ : E n → E c 2 n , given by (x, y) → (c 2 x, c 3 y), is an isomorphism of elliptic curves and the rank of E 1 (Q) is zero, then the rank of E n (Q), where n is a perfect square, is zero. Furthermore, since the rank of E 2 (Q) is zero, the rank of E 2 2k+1 (Q), where k ≥ 1, is zero and hence for every m ≥ 1 the rank of E 2 m (Q), is zero. In [9, Lemma 1.1] some sufficient conditions on n are listed for the rank of E n (Q) to be zero. Note that the rank of E n (Q) is nonzero if and only if n is a congruent number [14, Chapter I] . Recently, in [8] , a simple method for the determination of the integer solutions of (1), in case where n = p k and p is a prime, is given. Finally, note that in [2, page 203] , the integer solutions of (1) with n ≤ 72 have been calculated by the elliptic logarithm method or by a straightforward application of theorems given in [1] and [6] .
In this note, we study the integer solutions of (1) with n = 2 a p b , where p is a prime > 2 and a, b are positive integers. Using the "multiplication by 2" on E n , we reduce the problem of the determination of integer solutions of (1) to the solution of the unit equation u + √ 2v = 1 over Q( √ 2, √ p) which can be solved by Wildanger's algorithm [22] . Our approach goes back to Chabauty [4] , [15, page 140] . It has been used in [17] for the computation of an explicit upper bound for the integer solutions of the general elliptic equation over a number field. This result has been improved in [3] .
Let a ≥ 3. If a is even, then we put
Let a is odd. If b is even, then we set
If b is odd, then we put x > n and x ∈ Σ n , then there is a unit u of Q(
The units u and v = (1 − u)/ √ 2 is a solution of the equation
. The Wildanger's algorithm is an efficient method for the resolution of such equations. It uses Baker's method, the LLL reduction algorithm and means from the geometry of numbers. It is implemented in the Magma Computational Algebraic System [23] and so provides easily the solutions of the above equation. Thus Theorem 1 gives all the solutions of (1) with x > n. Since there are no solutions with x < −n and 0 < x < n, the full set of solutions of (1) can be easily determined. As far we know, it is the first time that this approach is used for the practical solution of an elliptic equation.
This paper is organised as follows. In Section 2, we give some lemmata which will be needed for the proof of Theorem 1. The proof of Theorem 1 is given in section 2. Finally, in section 3, we state a simple algorithm for the solution of (1) and give some examples.
Auxiliary Lemmata
In this section we give some lemmata which are useful for the proof of Theorem 1. 
We have A 2 − B 2 = n and gcd(A + B, A − B) = 2. Since A, B are odd, 8|A 2 − B 2 and so we get a ≥ 3. It follows that (
We deduce that p = 3, n = 24 and x = 25. Case 2. 2|x and p | x. Thus we have x = 2 k z, where z is an odd integer not divisible by p and k ≥ 1. If k > a, then
The integers z, z2 k−a − p b , z2 k−a + p b are odd and pairwise prime. So, k is even and there are positive odd integers A, B, C with
It follows that C 2 − B 2 = 2p b . Since B and C are odd, 8|C 2 − B 2 and so 4|p which is a contradiction. If k < a, then we obtain, working as in Case 1, that p = 3, k = a − 3 ≥ 1, b = 1 and z = 25. It follows that x = 2 a−3 25 and a is odd. Suppose next that k = a. Then
We have 
The case s > 0 imply p|A, whence p|z which is a contradiction. Thus s = 0 and we obtain that A = ( 
The integers p, z, zp k−b − 2 a , zp k−b + 2 b are odd and pairwise prime. So, k is even and there are positive odd integers A, B, C satisfying
It follows that C 2 −B 2 = 2 a+1 . The integers B, C are odd and so
The integers z, z − 2 a , z + 2 a are pairwise prime. If b is even, then there are odd positive integers A, B, C satisfying
So, we deduce, as previously, that x = p b (2 2(a−1) + 1). On the other hand, 
The 
It follows that C 2 − B 2 = 2z and since C, B are odd we have 8|C 2 − B 2 . Hence 4|z which is a contradiction. If l > b, then we similarly obtain a contradiction. Suppose now that l = b. Then
The integers 2, z, 2 a−k −z and 2 a−k +z are pairwise prime. Since z, 2 a−k −z and 2 a−k + z are odd, we deduce that k is even. If b is even, then there are odd positive integers A, B, C satisfying
whence we obtain, as previously, a contradiction. If b is odd, then either p|2 a−k − z or p|2 a−k + z. Suppose that p|2 a−k − z. Then there are odd positive integers A, B, C such that 
We have 2 a−k −z = B 2 +z ≡ 2 (mod 8), whence a−k = 1. Hence z = B = 1 and a is odd. It follows that p = 3. Therefore x = −2 a−1 3 b . Case 2. k > a. Then l < b. So, we have 
If a is odd, then we obtain that 2 and −2 are quadratic residue modulo p, whence we get p ≡ 1 (mod 8). If a is even, then
The case ν > 0 implies p|C which is a contradiction. Thus ν = 0 and so 
We 
where s, t are integers ≥ 1 with s + t = 3, if a is odd and s + t = 2, if a is even. Suppose that a is even. Then s = t = 1 and so 2 and −2 are residue quadratic modulo p, whence we get p ≡ 1 (mod 8). Suppose next that a is odd. If (s, t) = (2, 1), then we deduce that 2 and −2 are residue quadratic modulo p, whence we get p ≡ 1 (mod 8 
Proof. First, we shall prove that f (T ) is irreducible. If f (T ) has a linear factor, then there is s ∈ Z with f (s) = 0. It follows that s = ±1 which leads to the contradiction 4 = 0. Suppose now that we have the factorization
where A, B, C, D ∈ Z. Thus
By (5) 
Since r(T ) splits into linear factors over Q, [13, Proposition 4.11, page 273] implies that the splitting field K of f (T ) has Galois group Gal(K/Q) ∼ = 
Proof of Theorem 1
We denote byQ an algebraic closure of Q. Let (x, y) ∈ Z 2 be a solution to
(1) such that x > n and x ∈ Σ n . Let (s, t) ∈Q 2 be a point on E n such that [2] (s, t) = (x, y) (we denote by [2] (s, t) the double of the point (s, t) on the elliptic curve E n ). By [18, page 59], we have
Let K = Q(s). By Lemma 1, x = nz, where z is an integer > 1. Thus 
. Now, we put √ 2s 2 = 1−s 1 . The resultant of the polynomials f (1−W T ) and W 2 − 2 with respect to W is equal to 16R(T ), where
Since f (1 − √ 2s 2 ) = f (s 1 ) = 0, we have R(s 2 ) = 0 and hence s 2 is a unit of K. Furthermore, we have
Combining this result with (6), we obtain
where s/n is a unit of K such that (1 − s/n)/ √ 2 is also a unit of K.
The Algorithm
Theorem 1 and Lemma 2 yield the following algorithm for the solution of (1):
Input: An integer n = 2 a p b , where p is a prime > 2 and a, b are positive integers not both even.
Output: The integer solutions of (1).
1. If p ≡ 1 (mod 8) and a is odd, then determine the integer solutions (x, y) of (1) with −n < x < 0 and x = −2 k p l z, where k ≥ a, l even, k even if k > a and z is an odd integer which is a perfect square. If p ≡ 1 (mod 8) and a is even, then determine the integer solutions (x, y) of (1) with −n < x < 0 and x = −2 a p l z, where l even and z is an odd integer which is a perfect square. If p ≡ 1 (mod 8), then go to step 2.
2. Determine the integer solutions (x, y) of (1) with x ∈ Σ n .
3. Determine the set U of units u of Q(
4. Determine the integer solutions (x, y) of (1) with
and u ∈ U.
5. The points (0, 0), (−n, 0), (n, 0) and the integer solutions computed in steps 1, 2 and 4 are all the integer solutions of (1) 
We represent an algebraic integer of Q( 
